
“sidca00siammain”
2003/9/11
page v

Contents

List of Figures xi

Notation xiii

Preface xxi

1 Introduction to the Central Concepts 1
1.1 Aim and History of Discrete Convex Analysis . . . . . . . . . . 1

1.1.1 Aim . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1.2 History . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.2 Useful Properties of Convex Functions . . . . . . . . . . . . . . 9
1.3 Submodular Functions and Base Polyhedra . . . . . . . . . . . . 15

1.3.1 Submodular Functions . . . . . . . . . . . . . . . . . 16
1.3.2 Base Polyhedra . . . . . . . . . . . . . . . . . . . . . 18

1.4 Discrete Convex Functions . . . . . . . . . . . . . . . . . . . . . 21
1.4.1 L-Convex Functions . . . . . . . . . . . . . . . . . . 21
1.4.2 M-Convex Functions . . . . . . . . . . . . . . . . . . 25
1.4.3 Conjugacy . . . . . . . . . . . . . . . . . . . . . . . 29
1.4.4 Duality . . . . . . . . . . . . . . . . . . . . . . . . . 32
1.4.5 Classes of Discrete Convex Functions . . . . . . . . 36

Bibliographical Notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

2 Convex Functions with Combinatorial Structures 39
2.1 Quadratic Functions . . . . . . . . . . . . . . . . . . . . . . . . . 39

2.1.1 Convex Quadratic Functions . . . . . . . . . . . . . 39
2.1.2 Symmetric M-Matrices . . . . . . . . . . . . . . . . 41
2.1.3 Combinatorial Property of Conjugate Functions . . 47
2.1.4 General Quadratic L-/M-Convex Functions . . . . . 51

2.2 Nonlinear Networks . . . . . . . . . . . . . . . . . . . . . . . . . 52
2.2.1 Real-Valued Flows . . . . . . . . . . . . . . . . . . . 52
2.2.2 Integer-Valued Flows . . . . . . . . . . . . . . . . . 56
2.2.3 Technical Supplements . . . . . . . . . . . . . . . . . 58

2.3 Substitutes and Complements in Network Flows . . . . . . . . . 61
2.3.1 Convexity and Submodularity . . . . . . . . . . . . 61

v



“sidca00siammain”
2003/9/11
page vi

vi Contents

2.3.2 Technical Supplements . . . . . . . . . . . . . . . . . 63
2.4 Matroids . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

2.4.1 From Matrices to Matroids . . . . . . . . . . . . . . 68
2.4.2 From Polynomial Matrices to Valuated Matroids . . 71

Bibliographical Notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

3 Convex Analysis, Linear Programming, and Integrality 75
3.1 Convex Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
3.2 Linear Programming . . . . . . . . . . . . . . . . . . . . . . . . 84
3.3 Integrality for a Pair of Integral Polyhedra . . . . . . . . . . . . 88
3.4 Integrally Convex Functions . . . . . . . . . . . . . . . . . . . . 90
Bibliographical Notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

4 M-convex Sets and Submodular Set Functions 99
4.1 Definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
4.2 Exchange Axioms . . . . . . . . . . . . . . . . . . . . . . . . . . 100
4.3 Submodular Functions and Base Polyhedra . . . . . . . . . . . . 101
4.4 Polyhedral Description of M-Convex Sets . . . . . . . . . . . . . 106
4.5 Submodular Functions as Discrete Convex Functions . . . . . . 109
4.6 M-Convex Sets as Discrete Convex Sets . . . . . . . . . . . . . . 112
4.7 M\-Convex Sets . . . . . . . . . . . . . . . . . . . . . . . . . . . 114
4.8 M-Convex Polyhedra . . . . . . . . . . . . . . . . . . . . . . . . 116
Bibliographical Notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

5 L-convex Sets and Distance Functions 119
5.1 Definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
5.2 Distance Functions and Associated Polyhedra . . . . . . . . . . 120
5.3 Polyhedral Description of L-Convex Sets . . . . . . . . . . . . . 121
5.4 L-Convex Sets as Discrete Convex Sets . . . . . . . . . . . . . . 123
5.5 L\-Convex Sets . . . . . . . . . . . . . . . . . . . . . . . . . . . 126
5.6 L-Convex Polyhedra . . . . . . . . . . . . . . . . . . . . . . . . . 128
Bibliographical Notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

6 M-convex Functions 131
6.1 M-Convex Functions and M\-Convex Functions . . . . . . . . . 131
6.2 Local Exchange Axiom . . . . . . . . . . . . . . . . . . . . . . . 133
6.3 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136
6.4 Basic Operations . . . . . . . . . . . . . . . . . . . . . . . . . . 140
6.5 Supermodularity . . . . . . . . . . . . . . . . . . . . . . . . . . . 143
6.6 Descent Directions . . . . . . . . . . . . . . . . . . . . . . . . . . 144
6.7 Minimizers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146
6.8 Gross Substitutes Property . . . . . . . . . . . . . . . . . . . . . 150
6.9 Proximity Theorem . . . . . . . . . . . . . . . . . . . . . . . . . 153
6.10 Convex Extension . . . . . . . . . . . . . . . . . . . . . . . . . . 156
6.11 Polyhedral M-Convex Functions . . . . . . . . . . . . . . . . . . 158
6.12 Positively Homogeneous M-Convex Functions . . . . . . . . . . 161



“sidca00siammain”
2003/9/11
page vii

Contents vii

6.13 Directional Derivatives and Subgradients . . . . . . . . . . . . . 163
6.14 Quasi M-Convex Functions . . . . . . . . . . . . . . . . . . . . . 165
Bibliographical Notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172

7 L-convex Functions 175
7.1 L-Convex Functions and L\-Convex Functions . . . . . . . . . . 175
7.2 Discrete Midpoint Convexity . . . . . . . . . . . . . . . . . . . . 178
7.3 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179
7.4 Basic Operations . . . . . . . . . . . . . . . . . . . . . . . . . . 181
7.5 Minimizers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 183
7.6 Proximity Theorem . . . . . . . . . . . . . . . . . . . . . . . . . 184
7.7 Convex Extension . . . . . . . . . . . . . . . . . . . . . . . . . . 185
7.8 Polyhedral L-Convex Functions . . . . . . . . . . . . . . . . . . 187
7.9 Positively Homogeneous L-Convex Functions . . . . . . . . . . . 191
7.10 Directional Derivatives and Subgradients . . . . . . . . . . . . . 194
7.11 Quasi L-Convex Functions . . . . . . . . . . . . . . . . . . . . . 196
Bibliographical Notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 200

8 Conjugacy and Duality 201
8.1 Conjugacy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 201

8.1.1 Submodularity under Conjugacy . . . . . . . . . . . 202
8.1.2 Polyhedral M-/L-Convex Functions . . . . . . . . . 204
8.1.3 Integral M-/L-Convex Functions . . . . . . . . . . . 208

8.2 Duality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 212
8.2.1 Separation Theorems . . . . . . . . . . . . . . . . . 212
8.2.2 Fenchel-Type Duality Theorem . . . . . . . . . . . . 217
8.2.3 Implications . . . . . . . . . . . . . . . . . . . . . . 219

8.3 M2-Convex Functions and L2-Convex Functions . . . . . . . . . 222
8.3.1 M2-Convex Functions . . . . . . . . . . . . . . . . . 222
8.3.2 L2-Convex Functions . . . . . . . . . . . . . . . . . . 225
8.3.3 Relationship . . . . . . . . . . . . . . . . . . . . . . 229

8.4 Lagrange Duality for Optimization . . . . . . . . . . . . . . . . 230
8.4.1 Outline . . . . . . . . . . . . . . . . . . . . . . . . . 230
8.4.2 General Duality Framework . . . . . . . . . . . . . . 231
8.4.3 Lagrangian Function Based on M-Convexity . . . . 234
8.4.4 Symmetry in Duality . . . . . . . . . . . . . . . . . 237

Bibliographical Notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 240

9 Network Flows 241
9.1 Minimum Cost Flow and Fenchel Duality . . . . . . . . . . . . . 241

9.1.1 Minimum Cost Flow Problem . . . . . . . . . . . . . 241
9.1.2 Feasibility . . . . . . . . . . . . . . . . . . . . . . . . 243
9.1.3 Optimality Criteria . . . . . . . . . . . . . . . . . . 244
9.1.4 Relationship to Fenchel Duality . . . . . . . . . . . . 249

9.2 M-convex Submodular Flow Problem . . . . . . . . . . . . . . . 251
9.3 Feasibility of Submodular Flow Problem . . . . . . . . . . . . . 254



“sidca00siammain”
2003/9/11
page viii

viii Contents

9.4 Optimality Criterion by Potentials . . . . . . . . . . . . . . . . . 256
9.5 Optimality Criterion by Negative Cycles . . . . . . . . . . . . . 259

9.5.1 Negative-Cycle Criterion . . . . . . . . . . . . . . . 259
9.5.2 Cycle Cancellation . . . . . . . . . . . . . . . . . . . 261

9.6 Network Duality . . . . . . . . . . . . . . . . . . . . . . . . . . . 264
9.6.1 Transformation by Networks . . . . . . . . . . . . . 264
9.6.2 Technical Supplements . . . . . . . . . . . . . . . . . 269

Bibliographical Notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 273

10 Algorithms 275
10.1 Minimization of M-Convex Functions . . . . . . . . . . . . . . . 275

10.1.1 Steepest Descent Algorithm . . . . . . . . . . . . . . 275
10.1.2 Steepest Descent-Scaling Algorithm . . . . . . . . . 277
10.1.3 Domain Reduction Algorithm . . . . . . . . . . . . . 277
10.1.4 Domain Reduction-Scaling Algorithm . . . . . . . . 280

10.2 Minimization of Submodular Set Functions . . . . . . . . . . . . 281
10.2.1 Basic Framework . . . . . . . . . . . . . . . . . . . . 282
10.2.2 Schrijver’s Algorithm . . . . . . . . . . . . . . . . . 287
10.2.3 Iwata–Fleischer–Fujishige’s Algorithm . . . . . . . . 289

10.3 Minimization of L-Convex Functions . . . . . . . . . . . . . . . 298
10.3.1 Steepest Descent Algorithm . . . . . . . . . . . . . . 299
10.3.2 Steepest Descent-Scaling Algorithm . . . . . . . . . 301
10.3.3 Reduction to Submodular Function Minimization . . 302

10.4 Algorithms for M-Convex Submodular Flows . . . . . . . . . . . 302
10.4.1 Two-Stage Algorithm . . . . . . . . . . . . . . . . . 303
10.4.2 Successive Shortest Path Algorithm . . . . . . . . . 304
10.4.3 Cycle-Cancelling Algorithm . . . . . . . . . . . . . . 306
10.4.4 Primal-Dual Algorithm . . . . . . . . . . . . . . . . 307
10.4.5 Conjugate Scaling Algorithm . . . . . . . . . . . . . 312

Bibliographical Notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 315

11 Application to Mathematical Economics 317
11.1 Economic Model with Indivisible Commodities . . . . . . . . . . 317
11.2 Difficulty with Indivisibility . . . . . . . . . . . . . . . . . . . . 321
11.3 M\-Concave Utility Functions . . . . . . . . . . . . . . . . . . . 324
11.4 Existence of Equilibria . . . . . . . . . . . . . . . . . . . . . . . 328

11.4.1 General Case . . . . . . . . . . . . . . . . . . . . . . 328
11.4.2 M\-Convex Case . . . . . . . . . . . . . . . . . . . . 330

11.5 Computation of Equilibria . . . . . . . . . . . . . . . . . . . . . 333
Bibliographical Notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 338

12 Application to Systems Analysis by Mixed Matrices 339
12.1 Two Kinds of Numbers . . . . . . . . . . . . . . . . . . . . . . . 339
12.2 Mixed Matrices and Mixed Polynomial Matrices . . . . . . . . . 345
12.3 Rank of Mixed Matrices . . . . . . . . . . . . . . . . . . . . . . 348
12.4 Degree of Determinant of Mixed Polynomial Matrices . . . . . . 351



“sidca00siammain”
2003/9/11
page ix

Contents ix

Bibliographical Notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 353

Bibliography 355

Index 414


